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ABSTRACT 

We study how fermion number conservation fails in fermion number preserving reg- 
ularization schemes. We show that the fermion number have to be carried by the gauge 
field configurations with non-zero winding number in this scheme and this fermion number 
is not conserved in the presence of instantons. We also consider other types of regulariza- 
tion scheme which have different global symmetries. In particular, we point out that the 
fermion number is conserved in the lattice chiral gauge theories with the Wilson- Yukawa 
coupling. 
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I. Introduction 



It is well-known[l] that the sum of the baryon number (B) and the lepton number (L) 
is not conserved in the standard model due to an anomaly and SU(2) instantons. Recently 
it is pointed out [2], however, that the lattice formulation of chiral gauge theories with the 
so-called Wilson- Yukawa coupling [3-6] can not produce this anomaly, hence B and L are 
conserved. This fact is rather surprising since this means that the structure of the anomaly 
could depend on the way how one regularizes the theory. In this paper we investigate the 
relation among the regularizations, anomalies and the fermion number non-conservation. 

Before considering the relation, we first mention subtleties of regularizations for chiral 
gauge theories. We consider a chiral gauge theory without Higgs fields, whose partition 
function is given by 

Z = Jv,i;Vi^VWi,exp[So{ip,i^,W^)+Sreg{ip,i^,W^)] (1.1) 

where •0 are fermion fields, Wfj, are gauge fields, 5*0 is the classical part of the action, and 
Sreg is the regulator part of the action. The problem in the regularization of chiral gauge 
theories is that Sreg is not invariant under the gauge transformation 

< i^''=i^{hiPR+h^j,PL) , (1.2) 

where h is a gauge transformation function which satisfies h^h = 1, hx = (h) for 
X = L or R, and is some unitary representation of the gauge group for the fermions. 
Using the identity 

j Vgexp[SGF{r\^'\w^')] = 1 (1.3) 

where Sqf is a gauge-fixing functional including the Faddeev- Popov determinant^, we 
obtain 

Z = J VgV'il;Vi^VW^eMSoii^,i^,W^) + Sregir,i^\wp + SGFi'il^,i^,^^^ (1.4) 

^ We can take Sgf = for the lattice regularization. 
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Since Sreg is not gauge invariant, the group- valued field g appears in Sregi so that the gauge 
volume j ^9 ^e factored out. There are two approaches for treating the scalar 

field g. In the first approach we try to decouple g field from the renormalizcd theory by 
adding local gauge non-invariant counter terms. This procedure gives a rcnormalizable and 
gauge ( or BRST) invariant renormalized perturbation theory for anomaly free theories. 
However, the gauge invariance (1.2) is lost at the regularized level. We call this approach 
as the gauge non-invariant scheme. In the other approach g field is considered to be 
the Nambu-Goldstone part of the Higgs field, so that the regularized theory describes a 
chiral gauge theory with the Higgs field. Although the gauge symmetry (1.2) is lost, the 
regularized action is invariant under another local transformation: 



which is identical to the gauge transformation of the gauge- Higgs-fermion system. However, 
the theory is not manifestly rcnormalizable due to the non-linearity of g. We call this 
approach as the gauge invariant scheme. The lattice formulation of chiral gauge theories 
with the Wilson- Yukawa coupling belongs to this scheme. 

If we consider theories without Yukawa couplings, the calculation of the fermion deter- 
minant for background gauge fields is identical in both schemes if we take the unitary gauge 
such that g = 1. In order to interpret the results we impose the gauge invariance (1.2) 
for the renormalized theory in the gauge non-invariant regularization scheme, while the 
gauge symmetry (1.5), not (1.2), is relevant in the gauge invariant regularization scheme 
and (1.5) is automatically satisfied in this scheme. 



< 




gh^ 



(1.5) 
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II. Anomalies of Noether Currents 



In this section we give a formula by which we can easily obtain the divergence of the 
vector and axial- vector Noether currents as well as their variation under (1.2). 
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We consider the theory defined by the action: 



r ^ - 

dxJ2^i^h''[df^ + iK(^)PL + iW^{x)PR]i;{x) (2.1) 

— 1 ± 7^ 

where ip, tp are fermion fields, Pl,r = — - — , and W^'^ are general background chiral 

gauge fields. Introducing some regularization the effective action can be defined; 

Seff{W'',W'') = TTln[-f^{d^ + iW;:{x)PL + iW;^ix)PR)]. (2.2) 

We denote the parity-odd part of Seff as T. The gauge anomalies can be calculated 
through 

5T{W^, W^) = T{W^ + SW^, + 5W^) - T{W^, W^) (2.3) 

where 

r 5w^{x)^ = -d^e^ix) + i[o^{x), w^{x)] 

\ sw^{x)^ = -d^e^ix) + i[e^{x), w^{x)] ^ 

and 9^'^ are infinitesimal gauge transformations of (1.2) so that 0{{6^'^)'^) terms are 
neglected in the definition of ST. 

In order to calculate divergences of vector and axial- vector currents we replace W^'^ 

with 

( W^{x) = W^ix) + V^ix) + A^ix) ^2.5) 



W^i^) = W^{x) + V^{x) - A^{x) 
where { ) is an external U(l) vector ( axial- vector) field. They transform as 

SV^^-d^O^{x) and 6A^ ^ -d^O'^ix) (2.6) 

under infinitesimal gauge transformations 9^'"^. Since the U(l) vector and axial-vector 
Noether currents are defined by 
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the expansion of 5T gives the following relation: 



+ jdx [V^{x)6{J^{x)) + A^{x)6{J^{x))] (2.8) 
+ 0{V'^,A'^,VA) 



where 



8V 



(2.9). 



Here (O) denotes the vacuum expectation value of O in the presence of the background 
gauge fields and W^. From (2.8) we can easily obtain the divergences of U(l) vector 
and axial- vector currents d^{Jy j^{x)) as well as their variation 5{Jyj^{x)) under (1.2). 
Finally it is noted that F term can be divided into 2 terms: 

r = Fpure + Tiocal (2.10) 

where Fpure has the non-local form of and while Fiocai only contains the local 
terms. 5Tp^j.e{W^ ,W^) is the usual (consistent) gauge anomaly and is regularization- 
independent. 



in. Results of Dirac Type regularizations 
The dimensional regularization[8] for the Dirac fermions is defined by 

r ^ - 

So + Sreg = d^^xj^ ^Wi^^ + iWj^PL + iW^PR)tl;{x) (3.1) 

where D = 4— 2s, the background chiral gauge fields W^'^ are defined only in 4 dimensions 
and we use the 't Hooft-Veltman definition[8] of 7^ satisfying 7^7/* = —7^7^ for = 1 ~ 4 
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and 7^7^ = 7'^7^ for = 5 ~ d. It is noted that because of this 7^ property the left-handed 
part of ijj couples to the right-handed part of ijj through the term ^^=5 tp'f^df^ip. Therefore 
we have to assign which left-handed (Weyl) fermion couples to which right-handed (Weyl) 
fermions in order to form one Dirac fermion and, for the one generation standard model, 
we have to introduce a right-handed neutrino at the regularized level. We call this type of 
regularization the Dirac type. 

The lattice version of the Dirac type regularization is given by 

So = ^ E V^(^)^'' [{U^i^)PL + U^{x)Pr}^{x + a^Ji) 

x,p. (3.2a) 



> ibix 

4a 



(3.26) 

where a is the lattice spacing, C/^'^ = exp[zaW^^'^], and r in Sreg is the Wilson- Yukawa 
coupling. We need -\- in Sreg ln Order to use the formula for the U(l) Noether 
currents in Sect. II. 

For the dimensional regularization we obtain 



(3.3) 



{x) 
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^ (3.4) 



and for the lattice regularization 

5T'^XI{W^, W^) - ie'^^"^ j dx tr [6^3^ {{h + h)W^d^Wj3 + i{h - l2)W^W^W^} 

-e^'d^ {(/i + h)w^d^w^ + i{h - h)w^w^w^]] {x) 

(3.5) 

rfoclk^''' = ie''^"^ J dx tr [{2/i/3(a^W^,^ + d^W^) + ihiW^^W^ + W^W^)] 

(3.6) 



Since 

r , ArMSf- M^C^ 1 
h = J_ -C.C^Cp = ^ (3.7a) 

h = d'p '-C.C^C, = ^ (3.76) 

h = J ^ d'p 'S'C.C^Cf, = ^ (3.7c), 

where = sinp^, = cosp^, = ^^S^, M = rJ2^,{'^ - C^) and F = + M^, we 
find that 

srif-^ = 5r£*) and ^r^) = 5r£2 (3.8) 

From the expression above for F and the formula in the previous section it is easy to 

see 

(1) The U(l) axial-vector Noether current has an anomaly: 

For the QCD case ( = = W) this agrees with the well-known result [9]: 

= i^-^tiG^^GaO (3.10) 

where G^^, = d^W^, — d^W^ + z[VFq,, Wp]. It is noted that the local term Fiocai is necessary 
to obtain the gauge invariant result (3.10) with the correct normalization l/(167r^). 

(2) The axial- vector Noether current is not invariant under (1.2); 

+ (^^ - ^«) {i[W^, d,W^] - i[W^, d^W^] (3-11)- 
It is clear that the current is invariant under (1.2) only for vector gauge theories such as 

QCD {e^ = e^ ). 

(3) Since the regularized action is manifestly invariant under the U(l) vector transforma- 
tion, the U(l) vector Noether current is conserved: 

(d^J^) = 0. (3.12) 
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The fermion number Qp = J (fixJy defined from the vector Noether current is conserved. 
This is the problem recently pointed out [2] for the lattice action. However this vector 
Noether current also is not invariant Under (1.2); 

5{J^) = ^-^tra.[(^^ - e^){d^{w^ + w^) + i[w^, w^])]. (3.13) 

Therefore, in the gauge non-invariant regularization scheme, Qp does not correspond to 
the observed fermion number. The following modified non-Noether currents: 



J1 = J1 + K% 



(3.14) 



are gauge invariant under (1.2) [10]: 

5{J!^) = 5(J^) = 0, (3.15) 



where 



(3.16) 



K = - W^)[MW^ - W^) + ^W^W^ - iW^W^]. (3.17) 

These modified currents give the desired anomalies: 

9^.(4) = i^tr [Gf:,G^^ - (3.18a) 

= i^tr {Gl,G% + G%G%\ (3.186) 

where Gj, = d^W^ - d^Wf^ + i[Wt, W^] and Gj, = d^W,"" - d,W^ + i[W^, W^]. The 
anomalies appear in the gauge-invariant non-Noether currents, not in the Noether currents. 
The gauge invariant fermion number is given by 

Here is equal to the winding number of the gauge field, which is not conserved in the 
presence of instantons. In the Dirac type regularization scheme the fermion number carried 



by the gauge field is changed by the instantons while the fermion number carried by the 
fermion field is always conserved. Since the instantons induce no fermionic zero-modes 
which violate fermion number in this regularization scheme, no fermion-number violating 
vertex[l] is generated from the fermion determinant. If we can calculate the transition rate 
among the states with different by some non-perturbative method, it directly gives the 
rate of fermion number non-conservation without referring to fermionic matrix elements. 

Now we consider the case of the gauge invariant Dirac-type regularization scheme. In 
this scheme, the relevant symmetry is (1.5) and the conserved vector Noether current is 
invariant under (1.5). Therefore, the fermion number can not be violated in this formu- 
lation as pointed out in ref.[2]. Since the currents are always gauge invariant due to the 
presence of scalar fields ql and qr^ the gauge invariant fermion number is conserved in the 
lattice chiral gauge theories with the Wilson Yukawa coupling. 

IV. New Regularization for Weyl Fermions 

The Dirac-type regularization used in the previous sections can not deal with the 
one-generation standard model without right-handed neutrinos. (It can deal with the one- 
generation standard model without right-handed neutrinos. See ref.[ll].) In this section, 
we propose a new regularization scheme in order to deal with a single left-handed (right- 
handed) fermion, even at the regularized level. We call this regularization scheme the Weyl 
type. We combine the Weyl-type regularization with the dimensional regularization and 
the lattice regularization, though we can combine it with any other regularizations such 
as the Pauli-Villars regularization. 

The action for one left-handed fermion is 
So+Sre,^ I d^x ^V^\^(a^+i^W^^)^^+l^(V,^C^7^a^V'''-?^^9^C7^V^^) (4.1) 
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for the dimensional regularization[ll] and 



(4.2) 

ip (x)C^{ip {x + a//) -\- ip {x — ajj) — 2ip (x)} 



for the lattice regular ization[ 12]. Here "(p^ = Pl'P, 7^ = '^^Pl, = CPl, and C is the 
charge conjugation matrix which satisfies C'-y^C~^ = — (7'^)^- It is easy to see that the 
fermion number as well as the gauge symmetry is violated by the Majorana type terms in 



Sreg 



We obtain 



(4.3) 



and riocai(W^^) = for both regularizations. It is noted again that the parity-even terms 
are neglected here. From the above expression, we find that the U(l) left-handed Noether 
current has non-zero divergence; 

= t-^trd,{W^d^W^ + i-W^W^W^), (4.4) 

and the current is not gauge invariant; 

HJ^) = i^^trdXC^d^W^ + i-W^W^). (4.5) 

It is obvious that there is no mixing term between left- and right- gauge fields and the 
right-handed Noether current becomes 

= -^'^^'d.iW^d^W^ + i\w^W^W^). (4.6) 

It is noted that if we use this regularization for QCD, the divergence of the U(l) axial- 
vector Noether current, — J^, does not agree with the desired result, eq.(3.10) . If 
we use this type of regularization for the one-generation standard model without right- 
handed neutrinos, we obtain the anomaly for the baryon number and the lepton number, 
as expected. However the result is not invariant under (1.2) and, therefore, the left-handed 
fermion number, J d^xJ^^, is not an observable in the gauge non-invariant scheme. 
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The gauge invariant left-handed non-Noether current can be defined as 



= + (4.7) 

where 



. ^^^r ^^^T . O , 



= + i-W^W^). (4.8) 

This modified current has the desired anomaly; 

= i^^'^i^^Gap- (4-9) 

Again the left-handed fermion number can be carried by the gauge field as well as the 
fermion fields and both bosonic and fermionic left-handed fermion numbers are violated 
by the instantons. Finally we obtain 

d^.{J^) = d^{J^ + J^) = i^^tr {G^^Glf, - Gj.Gf^] (4.10a) 

WD = - J'r) = ^^tr + J (4.106) 

These anomalies in the Weyl type regularization are identical to those in the Dirac type 
regularization, eqs.(3.18a-b). 

From the result of sect. III. and IV., it is concluded that anomalies of the gauge 
invariant non-Noether currents do not depend on types of regularizations, Dirac type or 
Weyl type. However so far we do not have regularization schemes which have gauge- 
invariant vector and axial- vector Noether currents. 



V. Discussions 

In this paper we have investigated the relation among regularizations, anomalies and 
the fermion number non-conservation in general chiral gauge theories. The gauge invari- 
ance (1.2) play a crucial role in giving the unique anomaly of the vector current, (3.18a) 
or (4.10a), which does not depend on global symmetries of regularization schemes, and in 
inducing the fermion number non-conservation. Fields which carry the fermion number, 
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however, depend on global symmetries of regularization schemes. In particular we show 
that bosonic fields can have non-zero fermion number non-perturbatively. The structure 
of fermionic zero modes in the presence of instantons also depends on global symmetries 
of regularization schemes. In the Dirac type regularization scheme there is no fermionic 
zero mode which violates fermion number. 

The fermion number non-conservation can not occur in lattice chiral gauge theories 
with the Wilson- Yukawa coupling since the relevant gauge symmetry is difi'erent from (1.2). 
Even if the fermion number is explicitly broken by the (gauge invariant) Majorana Wilson- 
Yukawa coupling, this explicit breaking does not lead to the correct anomaly (4.10a). (This 
is also true for the proposal of ref. [18].) So far there is no satisfactory gauge invariant 
lattice formulation which gives the correct anomaly of the vector current. 

Finally we consider the lattice formulation by the Rome group [19] where a dummy 
gauge singlet fermion x is introduced to construct the Wilson term. This formulation 
can deal with the left-handed (right-handed) fermion only and is classified into the gauge 
non-invariant scheme. The action for the regulator becomes, 

for the left-handed fermion The left-handed fermion number for the physical field 

is violated by the Wilson term in Sreg- This formulation is equivalent to the Dirac type 
regularization for a Dirac field {ip^^X^) with the gauge fields (VF^,0). Thus, we obtain 



dx ^^^tr 



(x) (5.2) 



riocai(^^'^,t^'') = (5.3) 

which is identical to the result of the Weyl type regularization, (4.3). Therefore we obtain 
the same results for the anomalies (4.4) and (4.5): The U(l) left-handed Noether current 
for ^|;^ has non-zero divergence and the current is non-invariant under (1.2). The invariant 
left-handed non-Noether current has the desired anomaly (4.9) and the fermion number is 
carried by both the fermion field and the gauge field. 
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